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The roots of Contact Geometry can be traced back to 1872, when Sophus Lie [57], 
cf. [58, 59], introduced the notion of contact ransformation (Beriihrungstransformation) 
as a geometric tool to study systems of differential equations. The subject has manifold 
connections with other fields of pure mathematics, and a significant place in applied 
areas such as mechanics, optics, thermodynamics, or control theory. Nonetheless, contact 
geometry has for a long time been receiving less attention than its twin sister, symplectic 
geometry. 
Contact Topology is of more recent origin. Topological methods have begun to play an 
important rSle in contact geometry from around the early 1970s, but global topological 
results remained isolated until the mid 1980s. Since then, 3-dimensional contact geo- 
metry and topology have experienced a time of immense and fruitful activity, and some 
important steps have been taken towards an understanding of higher-dimensional contact 
topology. 
The principal aim of the present survey is to trace some classical sources of contact 
geometry and topology, and to highlight a few results in the development of these fields 
that are fundamental for the current view of the subject. Given my own interests, the 
emphasis will be on the more topological aspects. Concerning the historical exposition, 
a great deal of information can also be found in a paper by R. Lutz [63], and I have not 
tried to avoid a certain overlap with that survey (which appeared in a source that may not 
be readily accessible). The development ofcontact geometry between the years 1960 and 
1985 is chronicled in detail by Lutz, so here I am deliberately more selective about that 
period. By contrast, I focus more strongly on connections ofcontact geometry with other 
areas of mathematics and physics, and on some research interests of the past decade. 
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1 H is tor i ca l  Sources  
1.1  Contact  t rans format ions  
Contact transformations were introduced by Sophus Lie as a particular case of a local 
transformation group defined by the integrals of a system of differential equations. These 
transformations were studied extensively during the later part of the 19th century and 
the beginning of the 20th century by, amongst others, F. Engel, H. Poincar~, E. Goursat, 
and E. Cartan. Following Lie, we define a contact element of R 2 or line element (Li- 
nienelement) o be a point (x, z) E [~2 and a line passing through this point. As long as 
the slope p of this line is finite, the equation for this line may be written in the form 
dz - p dx = 0, (1) 
and the space of such contact elements can be identified with ]~3 with coordinates (x, z, p). 
Similarly, we can define contact elements on ~ × ]~ as hyperplanes passing through a 
point (Xl,. . . ,  xn, z), defined by the equation 
n 
dz - dzi = 0 (2) 
i=1 
A solution z = z(x) of a differential equation F(x ,z , z ' )  = 0 now corresponds to an 
integral curve 
x, (x, z(x),z'(x)) 
of the plane field on R 3 given by equation (1) or, more generally, to an n-dimensional 
integral submanifold of the hyperplane field on ~2~+1 defined by (2), where z' is read as 
For notational convenience, we restrict ourselves for the time being to line elements in m e, 
but the generalisation to contact elements in ~n should be obvious. 
A transformation of R 3 
(x ,z ,p)  (x l , z l ,p l )  
is called a contact transformation if 
dZl - Pl dxl = p(dz - p dx) 
for some nowhere zero function p: R 3 -+ R. Clearly it is precisely transformations of
this sort that carry systems of integral curves of a differential equation F(x,  z, z ~) = 0 to 
systems of integral curves of the transformed equation F1 (xl, zl, z~) = 0. 
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Here are two examples of classical transformations in planar geometry that can be 
interpreted as contact ransformations: 
1. Let 7 be a curve in R ~ of the form 
~, ~ (~,z(x)) ,  
with z depending different±ably (at least C 1) on x. Let 71 be a curve parallel to ~/ at 
distance k E R + (of course there are two such parallel curves for each k). This means 
that 71 is given as 
Xl,  ~ (~1, z l (~,) ) ,  
subject to the conditions 
(X 1 --X)2"~-(Zl --Z) 2 ----- k 2, 
<~1(xl) - ~(x),~'(~)> = o ,  
~i(~1) = ~'(x). 
The last two equations can be rewritten as 
From this we find 
This leads to 
and hence 
xl  -- Z+(z l - - z )p  = O, 
Pl = P. 
kp 
X 1 ~ 2J ± ~ 1/~--~2~ 
P 
Zl ~- z ± - -  
1CV~-p 2 
k 
dx l  = dX ± ( l  + p2)3/2 dp, 
dZl = dz ± kp (1 + p2)3/2 dp, 
dz l  - Pl dx l  = dz - p dx. 
Thus we recognise the mapping 7 ~ 71, also called a dilatation, as a particular instance 
of a contact transformation. According to Huygen's principle, parallel curves arise in 
the theory of wave propagation (in homogeneous and isotropic media). This gives a first 
indication why contact geometry forms the natural basis for geometric optics. That aspect 
of contact geometry will be discussed in Section 1.3 (3) below. 
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2. Our second example relates to the theory of polars of a conic section in projective 
geometry. This may be seen as a contact geometric interpretation of a construction in 
classical geometry going back to Apollonius. 
For simplicity, we take our conic section to be a circle, and we work in affine coordinates 
to stay within the previous notational conventions. 
Consider the circle C in the (x, z)-plane given by the equation x2 + z ~ - 1 = 0. Given 
an arbitrary point (x, z) in the exterior of C, there are two lines through (x, z) tangent 
to C. The line joining the two points of tangency has equation 
zxl  + zzl - 1 = 0, (3) 
where xl, zl are the free parameters, and is called the polar of (x, z). 
It is clear that if the point (x, z) moves along a line 
ax + bz - 1 = O, 
then the corresponding polars all intersect in the point (x~, z~) = (a, b), called the pole of 
that line. Notice that 
X 1 a 
zl b 
is the slope of that line (assuming b¢ 0). 
We note in passing that the apparent asymmetry in this picture (choice of the point 
(x, z) in the exterior of C; restriction on b) disappears if one is working in the homogeneous 
coordinates of the projective plane. A similar comment applies to the restrictions one has 
to impose for some of the subsequent calculations to remain valid. 
From equation (3) we see that this construction is symmetric in (x,z) and (Xl,Zl). 
That is, given a differentiable curve 7(t) = (x(t), z(t)), one can associate with it the curve 
7~(t) = (x~(t), z~(t)) defined by the condition that (xl(t), z~(t)) be the pole of the tangent 
to 7(t) at (x(t), z(t)). This new curve "yl(t) is called the polar transform of 7(t), and the 
polar transformation of ~/1 (t) recovers "/(t). 
So in terms of line elements 
( x, z, p = dx 
the polar transformation 
(x,z,p) ~ (xl,zl,pl) 
is given by equation (3) together with 
Xl  p - 
Zl 
X 
P l  - -  
Z"  
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Solving these three equations for Xl, zl ,pl ,  we find 
-p  
Xl  - -  
z - px 
1 
Zl  - -  




Finally, from equations (4) we obtain 
(4) 
1 
dzl - Pl dXl - z(z - px) (dz - p dx). 
So the polar transformation is also a particular case of a contact ransformation. 
In this historical sketch I shall not say more about the rhle of contact ransformations 
in the theory of differential equations. A modern reference for some of these aspects is [33]. 
For a recent survey on the study of Monge-Amp~re equations via contact geometry the 
reader may wish to consult [69]. 
1 .2  Some basic de f in i t ions  
In modern language, a contact structure on a (2n + 1)-dimensional differentiable manifold 
M is a smooth codimension 1 distribution (i.e. tangent hyperplane field) ~ C TM that is 
maximally non-integrable in the following sense: We require that ( be locally defined as 
= ker a with a differential l-form a that satisfies a A (da) ~ :fi 0 on its whole domain 
of definition. If such a l-form exists globally on M, it is called a contact form on M. A 
manifold with a contact structure is called a contact manifold. 
Notice that if locally ~ = ker a, then any other 1-form defining ( is of the type fa  
with f some nowhere zero function. From the equality 
( fa )  A (d(fa))  ~ = fn+la  A (da) ~ 
we observe that the definition of what constitutes a contact structure ~ is independent of 
the choice of (locally) defining 1-form a. The necessary and sufficient condition for the 
global existence of c~ is that ~ be coorientable. This is easy to see with a partition of unity 
argument or with the help of an auxiliary Riemannian metric. 
The same consideration shows that for n odd a contact structure defines an orienta- 
tion of M, and for n even the contact structure is orientable. Here is an example of a 
non-coorientable contact structure (see also 1.3 (1) below): On M = R ~+1 × II~P ~ with co- 
ordinates (x0, . . . ,  x~, (to : . . .  : t~)) define ~ = ker (~ t~ dxi). This is globally defined, but 
the 1-form ~i  ti dxi is not. For n odd, M is orientable, but the contact structure ~ is non- 
orientable; for n even, the contact structure is orientable, but it lives on a non-orientable 
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manifold. There is an erroneous tatement concerning such orientation questions in [63, 
p. 366]. 
Before we elucidate the meaning of 'maximally non-integrable' we try to reconcile 
these definitions with that of a contact ransformation. The connection is given via the 
Theorem of Darboux, which states that, given a contact form ~, one can always find local 
coordinates in which 
n 
= dz - ~ pi dz~. (5) 
i=1 
This theorem is indeed implicit in the work of Darboux [16, p. 26]; the form of the theorem 
just stated is referred to by Kobayashi and Nomizu [54] as a result of E. Cartan [13]. For a 
modern proof of the Darboux theorem see [56] or [66], and our discussion of Gray stability 
in Section 2 (2). We call R 2~+1 with the contact structure given by the 1-form (5) the 
Darboux model. 
So a contact structure may also be regarded as an atlas for the manifold M whose 
coordinate changes belong to the pseudogroup of local contact transformations. This 
viewpoint owards contact structures prevailed well into the 1960s, cfi [54]. In fact, as 
late as 1953 S.-S. Chern [15] still spoke of D-structures in E. Cartan's [13] terminology 
for various classes of pseudogroups of local transformations. The first explicit usage of 
the term 'contact structure' or 'contact manifold', according to a search in Mathematical 
Reviews, seems to occur in 1958/59 in the papers ofW. M. Boothby and H. C. Wang [11], 
J. W. Gray [40], and G. Reeb [70] that we shall discuss presently. 
We now return to the notion of 'maximally non-integrable.' Let ~ C TM be a smooth 
k-dimensional distribution on a manifold M, that is, 7/(p) is a k-dimensional subspace 
of the tangent space TpM, and locally U is spanned by k smooth vector fields. Such an 
~/ is called integrable if the Lie bracket IX, Y] lies in ~ whenever X and Y are smooth 
vector fields in ~/. The Frobenius Theorem, cfi [75], states that ~/is integrable if and only 
if through each point p C M there is a k-dimensional integral submanifold N of ~/, which 
means that TqN = ~/(q) for all q E N. The collection of these integral submanifolds forms 
a foliation of M. 
If T/is a codimension 1 distribution defined locally as ~/= ker 8 by some non-vanishing 
1-form ~, then this integrability condition can be rephrased in the form ~ A d E - 0. 
From this point of view it is clear that the contact condition a A (da) n ~ 0 is as 
far from the integrability condition as possible. More geometrically, observe that for an 
integral submanifold N of ker c~, the skew-symmetric form (da)q, which is of maximal rank 
on (ker a)q, vanishes on TqN. I t  then follows from Linear Algebra that the dimension 
of N can be at most half the dimension of ker c~. Integral submanifolds of a contact 
structure ~ are called isotropie submanifolds, those of maximal dimension (dim~)/2 are 
called Legendre submanifolds. 
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It is worth observing at this point that while the previous discussion seems to posit 
contact structures as the antithesis of codimension 1 foliations, at least in dimension 3 it 
is extremely fruitful to regard these two kinds of structures as two ends of a spectrum. 
See the recent work of Ya. Eliashberg and W. P. Thurston [25] for some striking insights 
that result from this unifying viewpoint. 
Another fundamental concept is the Reeb vector field Re of a contact form ~. As a 
skew-symmetric form of maximal rank 2n, the form daiTpM has a 1-dimensional kernel 
for each p e M. Hence the equation da(R~, .) -- 0 defines a unique line field (Re) on M. 
The contact condition a A (de) ~ ¢ 0 implies that a is non-trivial on this line field, so a 
global vector field is defined by the additional normalisation condition a(R~) - 1. 
Observe that the Caftan formula for the Lie derivative in terms of exterior derivative 
and interior product, f~x = d o ix + ix o d, implies that A:R~a = 0. So the flow of R~ 
consists of contact ransformations (with p -= 1, so-called strict contact ransformations). 
1 .3  Further sources of contact structures 
(1) Spaces of  contact  e lements :  These are historically the first examples of contact 
manifolds, appearing as they do (at least implicitly) in Lie's work on contact transfor- 
mations. Let B be any smooth n-dimensional manifold. A contact element on B is a 
hyperplane in a tangent space to B. The family of contact elements at any point b E B 
constitutes a projective space ~-1 .  Indeed, a hyperplane V in the tangent space TbB 
is defined as the kernel of a linear map uy : TbB --+ R, and uy is determined by V up to 
multiplication by a scalar. So the space of contact elements at b E B may be thought of 
as the projectivisation of the dual space T~B, and the space of all contact elements on 
B can be naturally identified with the projectivised cotangent bundle FF*B, which is a 
manifold of dimension 2n - 1. 
Now define a hyperplane field ~ on M = FF*B as follows. Write ~ for the bundle 
projection FT*B --+ B. For u = uv E FT~B let ~u be the hyperplane in T~(FT*B) 
such that 7c.~ is the hyperplane in T~(~)B = TbB defined by u. Figure 1 illustrates this 
construction for B = ]~2. Here It~T*B = ~2 × F~p1. 
With coordinates q = (ql, q2) on R 2, a hyperplane in Tq~ 2 is described by 
cos 0 dql + sin 0 dq2 = 0, 
where we identify S 1 with R/27~Z and 0 should be thought of as an element of R/TcZ -- 
~[p1. The same equation describes the natural contact structure on the space of contact 
elements R2 × RP 1. 
More generally, in terms of local coordinates ql, . - . ,  qn on B, a hyperplane in TbB is 
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Rp  1 
u=0 
Figure 1: The space of contact elements. 
defined by 
Pl dql + " • + p~ dq~ = 0, 
with (Pl : . , .  : ion) E RP  n-1. The same equation defines the natural contact structure on 
FT*B in terms of local coordinates 
(q l , . . . ,  qn, (p l  : . . .  : pn) ) .  
By their very definition, the p~ are the coordinates dual to the q~. The fact that ~ is 
indeed a contact structure can now easily be checked in terms of these local coordinates: 
Over the open set Pl ~ 0, for instance, ~ can be defined in terms of affine coordinates 
P~ = P~/Pl, i = 2 , . . . ,  n, by the equation 
• ' t d dq~ + p~ dq2 + . + p~ q,~ = O. 
Observe that as you ride a bicycle, the rotation of the front wheel is unrestricted, but 
its velocity lies in the contact element determined by the direction of the wheel at any 
given moment. So the moving wheel describes a Legendre curve in the space of contact 
elements of the plane with its natural contact structure. 
(2) Thermodynamics :  In [4] V. I. Arnold writes "Every mathematician k ows that 
it is impossible to understand any elementary course in thermodynamics. The reason is 
that thermodynamics is based on a rather complicated mathematical theory, on contact 
geometry." 
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The formulation of thermodynamics n terms of contact geometry goes back to the 
work of Gibbs [34]. Here is the opening paragraph of that paper, quoted after [6]. 
"We have to consider the following quantities: v, the volume, p, the pressure, t, the 
(absolute) temperature, , the energy, y, the entropy, of a given body in any state, also W, 
the work done, and H, the heat received, by the body in passing from one state to another. 
These are subject o the relations expressed by the following differential equations: 
de=dH-dW,  dW=pdv,  dH=t&?.  
Eliminating dW and dH, we have 
de = t d~ - p d~. (6) 
The quantities v,p, t, e and ~ are determined when the state of the body is given, and it 
may be permitted to call them functions of the state of the body. The state of a body, 
in the sense in which the term is used in the thermodynamics of fluids, is capable of 
two independent variations, so that between the five quantities v, p, t, e and ~ there exist 
relations expressible by three finite equations, different in general for different substances, 
but always such as to be in harmony with the differential equation (6)." 
In modern terminology, the states of a body form a Legendre surface in the five- 
dimensional phase space of thermodynamics equipped with the contact structure (6). 
In slightly different guise, contact structures also appear in C. Carath~odory's formal- 
isation of thermodynamics [12]. There, so-called quasistatic adiabatic processes are set 
in relation to integral curves in a Darboux model, and it is shown that any two points in 
this model can be joined by a smooth integral curve of the contact structure. 
This is in fact true for any two points in an arbitrary contact manifold, and instead of a 
contact structure one may allow, more generally, distributions of higher codimension which 
are bracket-generating. These are distributions with the property that the full tangent 
space at any point can be spanned by iterated Lie brackets of vector fields tangent to the 
distribution. The statement about integral curves in such spaces is known as the Chow 
connectivity theorem. It is less well-known that one can find smooth, not only piecewise 
smooth integral curves between any two points, a proof of which was given fairly recently 
by M. Gromov [45]. 
The Chow connectivity theorem is the starting point of an extensive theory of sub- 
Riemannian manifolds. By this one means manifolds with a (not necessarily bracket- 
generating) distribution and a bundle metric only given along this distribution. Distance 
between two points is defined as the infimum of the length of integral curves joining them 
(and is set to c~ for points that cannot be joined by an integral curve of the distribution). 
The fact that the proof of the Chow connectivity theorem can be formulated in the 
34 H. Geiges 
language of Carnot cycles has led Gromov in [42] to label spaces with such a metric Carnot- 
Caratheodory spaces. There is now an extended English translation [46] of that French 
text. Both [45] and [46] have received featured reviews in Mathematical Reviews, which 
the reader may find useful. Sub-Riemannian geometry also provides the mathematical 
setting for control theory, cf. [10, 7]. 
The other type of bracket-generating distributions that are of particular interest are 
those of dimension 2 on 4-dimensional manifolds. They are called Engel structures. See 
[68] for some information on these structures and their relation to contact structures. 
(3) Optics:  When light is propagating through a given medium, the wave front Fq(t) of 
a point q at time t is the set of points to which light can travel from q in time t but not 
faster. The famous Huygens'principle says that the wave front Fqo (to + t) is the envelope 
of the fronts Fq(t), q E Fqo(to ), see Figure 2. 
Figure 2: Huygens' principle. 
Here is a contact geometric formulation of Huygens' principle. Let (B, g) be a manifold 
with a complete Riemannian metric g. This Riemannian manifold is supposed to be a 
model of our optical medium in the sense that geodesics with respect to the metric g 
co~'respond to light rays. 
Under the natural pairing defined by the metric g, the space of cooriented contact 
elements of B may be thought of as the unit cotangent bundle ST*B. There is a geodesic 
fl0w on ST*B (dual, under g, to the usual geodesic flow on STB, cf. paragraph (5) below) 
defined as follows. Let (b0, V0) with Vo C TboB be a cooriented contact element. To get 
the transformation 
¢(bo,vo)(~) = (~(~), v (0 )  
by the geodesic flow after time t, we let 7 be the geodesic in B starting at 7(0) -- bo in the 
direction positively orthogonal to V(0) -~ Vo (with respect o the coorientation of V), and 
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V(t) the hyperplane in T~(t)B orthogonal to the geodesic "y in the point "y(t), cooriented 
by 7'(t). 
Huygens' principle is then equivalent o saying that this geodesic flow consists of 
contact transformations of ST*B, see [2, 3, 5]. (Incidentally, in those last two surveys 
Arnold argues the poiflt that "Contact geometry is all geometry.") For a comprehensive 
discussion of Huygens' principle and contact ransformations in the context of the calculus 
of variations ee also [33]. A proof of the fact that the geodesic flow consists of contact 
transformations will also be given in paragraph (5). 
(4) Hami l ton ian  mechanics:  In the Hamiltonian formalism, a mechanical system is 
described by a configuration space B, typically a smooth manifold, with corresponding 
phase space (space of positions and momenta) described by the cotangent bundle T*B 
of B. Consider the following commutative diagram, 
TT* B > T* B 
TB > B, 
and define a differential 1-form )~ on T*B by A~ = uoTTr for u C T*B. This i-form is called 
the Liouville form on T'B, and one checks easily that in local coordinates ql,...,q,~ on 
B and dual coordinates p l , . . . ,  Pn - meaning that the coordinate description of covectors 
is given by 
f~ 
(ql,...,qn,P,,...,Pn) = (Zpidq~)(ql,...,q,) 
i=1  
- this Liouville form is equal to 
n 
----- Z Pi dq~. 
i=1  
It is also characterised by the property that for any 1-form T on B (i.e. section of T*B -+ 
B) one has ~- = T*£. The local coordinate description of £ shows that it induces the 
natural contact structure on the space of contact elements 
]tU'*B = (T*B - zero section)/N*. 
From ~ one obtains the natural 2-form ~o = dA on T'B, which is clearly closed, and 
also non-degenerate, hence a symplectic form, since in our local coordinates it is equal to 
vJ = ~ dp~ A dqi. 
i=1  
The Hamiltonian equations 
OH OH 
(~=-~p, P -  Oq' 
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where H:  T*B ~ ]R is the Hamiltonian function, typically describing the energy of the 
mechanical system, can then be written succinctly and in a coordinate-free way (with 
x = (q,p) locally) in the form 
=X.(x), 
where the Hamiltonian vector field XH is defined by 
~(XH, ") = -dH.  
If c is a regular value of H, so that M = H-l(c)  is a smooth manifold, the equation 
dH(XH) = 0 shows that XH is tangent o M, i.e. the flow of XH preserves the value of H. 
It is a classical question whether this flow possesses any closed orbits. For a recent 
survey on this problem see [35]. In general there need not be any closed orbits, but they 
often exist if M is of contact type (which we shall define presently), as was observed by 
A. Weinstein [76]. The question whether closed orbits exist on all hypersurfaces of contact 
type has since been known as the Weinstein conjecture. For recent surveys about this 
conjecture, with an emphasis on H. Hofer's positive answer to this conjecture for a wide 
range of 3-manifolds, ee [48, 49, 55]. An earlier survey about results in higher dimensions 
is [17], and a textbook reference is [50]. 
A Liouville vector field Y in a symplectic manifold (W, w) is a vector field satisfying 
the equation Evw = w, where E denotes the Lie derivative. Since w is closed, the Cartan 
formula Ey = d o iv + iF o d allows to write this as ~ = d(iyw). 
Let a be the 1-form ivw = w(Y, .). Then, assuming W to be of dimension 2n, 
O~ A (do0 n - i  : iyw A (d(iyw)) ~-1 




Since w ~ is nowhere zero on W, the differential form a A (da) ~-1 will be nowhere zero 
on any hypersurface M transverse to Y (that is, with Y not tangent o M). Then ~ is 
a contact form on M.. This has led to the definition that a hypersurface in a symplectic 
manifold is of contact type if it is transverse to a Liouville vector field. 
Observe that if M C T*B is both hypersurface of contact type (with contact form 
a --- ivw) and given as the level set of a Hamiltonian function H~ T*B -+ R, then both 
the Reeb vector field Ra and the Hamiltonian vector field XH define the kernel of the 
2-form da = w on TM,  so the Reeb flow of a is a reparametrisation f the Hamiltonian 
flow of H. 
(5) R iemann ian  geometry :  Let (B, g) be a Riemannian manifold. Then there is a 
unique vector field on the tangent bundle TB whose trajectories are of the form t 
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(7(t), 7'(t)), where 7 is a geodesic on B. This vector field is called the geodesic field, and 
its flow the geodesic flow. 
Let A be the Liouville form on the cotangent bundle T*B described in (4). Define a 
vector field Y on T*B by iyw = )~. This vector field is clearly a Liouville vector field 
for w. In local coordinates it is given by ~ i  pi 0p~, so it is the radial vector field in fibre 
direction, and transverse to the unit tangent bundle ST*B. This shows that ,~ is a contact 
form on ST*B. 
We claim that the Reeb flow of ), coincides with the geodesic flow on the unit tangent 
bundle under the natural identification of ST*B with STB given by the metric g; cf. 
the discussion in [50, 4.4]. We prove this by computing explicitly in terms of normal 
coordinates. As observed at the end of Section 1.2, the Reeb flow consists of contact 
transformations, and hence so does the geodesic flow. This proves Huygens' principle. 
To prove the claim, let a point b0 E B be given. Let ql,. •., qn be normal coordinates 
around b0, defined via eXP~o 1,where exp denotes the exponential function defined by the 
metric g. In these coordinates we have 
bo = (0 , . . . ,  0), g~3(O) = ~j,  
and the geodesics through b0 are of the form 
t, ~ (tal,...,taN). 
Choose local coordinates on TB so that 
(ql , - . . ,  qn,Pl,''' ,Pn) ~- (EP i  Oq,)(q,,...,qn )" 
i=1 
Notice that in terms of the local coordinates (qi,~i) on TB and (qi,Pi) on T*B the iden- 
tification TboB --+ T~oB defined by the metric is actually the identity map. 
In the coordinates (qi, Pi) the trajectories of the geodesic flow passing through the fibre 
ST~oB at time t = 0 are of the form 
t, (7 ( t ) ,  = (a l t , . . . ,  ant, a l , . . . ,  
with ~-'].i a2 = 1. So the geodesic vector field at the point 
is given by 
(7(0),7'(0))=(0,...,0, 
(7'(o), 7"(0)) = (e l , . . . ,  o , . . . ,  o). 
This coincides with the Reeb vector field R~ = ~-'~i pi 0q, at that point, proving our claim. 
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(6) Complex  geometry :  Let D be an open, relatively compact subset of C ~, with 
boundary OD a C2-manifold at least• This D is called strictly pseudoconvex if there is a 
neighbourhood U of OD and a function ~o: U -+ ]~ such that DNU = {z c U: ~o(z) < 0} 
and such that the so-called Levi form 
L~,~0(w) = ~ ~o~,wk~ 
k,l=l 
is positive definite at every zo E OD. Write J for the complex structure on the tangent 
bundle TC n, induced from multiplication by i. The 1-form a = -d~o o J, restricted to 
T(OD), defines the J-invariant hyperplane distribution 
= T(OD) A JT(OD) C T(OD), 
for if Y E ~ then J Y  c ~ c T(OD), hence a(Y)  = -d~o(JY) = 0. A straightforward 
computation shows that, up to a constant positive factor, the Levi form can be written 
as dc~(., J.). We conclude that the J-invariant hyperplane distribution on the boundary 
of a strictly pseudoconvex region defines a contact structure. 
Other notions of convexity in complex and symplectic geometry are discussed in [24] 
and [26]. 
1 .4  Examples  o f  contact  man i fo lds  
(1) Odd-d imens iona l  spheres: These are arguably the simplest examples of closed (i.e. 
compact without boundary) contact manifolds. Regard S 2~-1 as the unit sphere in R 2~, 
and define 
n 
j= I  
One can compute directly that this defines a contact form. A better way to look at it is 
to identify R2~ with C n and to write 
• n 
a = zj d~j - -zj dzj . 
j=l 
One computes easily that along S 2n-1 this equals -d r  o J, where r is the radial function 
on C n and J as in 1.3 (6). So we have exactly the situation described in that example. 
Observe that the Reeb vector field of a is given by 
n 
j= l  j= l  
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The orbits of the flow of Re define the fibres of the generalised Hopf fibration 
S 2n-I > Cp  n-1 
(~,...,zn) , ~ (~: . . . : z~) .  
(2) Some 3-mani fo lds:  Here are a couple of simple explicit examples of contact struc- 
tures on 3-manifolds. 
We have seen that the 3-torus T 3 = S 1 × S ~ × S 1, as the space of contact elements 
of T 2, admits a contact structure ~1- Consider the n-fold covering map of T 3 = S 1 given 
by (x, y, O) ~-~ (x, y, nO). The pull-back under this covering map is the contact structure 
~n given by 
cos(n0) dx + sin(n0) dy = O. 
On S 1 × S 2 C S 1 × St a one can describe an explicit contact structure by 
dO + x dy - y dx = O. 
Further such explicit examples of contact structures on 3-manifolds can be found in [31]. 
(3) Br ieskorn  mani fo lds:  These are manifolds of the form 
s(a0,. . . ,  an) = {(z0,..., zn) • C+'14  ° +""  + z~ ° = 0}n S 2n+', 
where the aj are natural numbers >__ 2 and S 2~+1 is the unit sphere in C ~+1 . Brieskorn 
manifolds have played an important r61e in the study of exotic differentiable structures on 
spheres and in the construction of exotic actions by finite groups on spheres, for instance. 
In the mid t970s it was observed by Lutz-Meckert [64] and others that Brieskorn manifolds 
admit a contact structure defined by 
n 
! r ,(z j~-~jezj)  =o. 
2 j=o 
The survey [30] describes everal recent applications of this fact. 
2 Towards  the  Modern  V iewpo int  
As mentioned earlier, the modern usage of 'contact manifold' and 'contact structure' took 
root in 1958/59. Here we briefly discuss theseminal papers of that period. 
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2 .1  Almost contact structures 
The key observation made by Chern in [15] is that the existence of a contact form a on a 
manifold M induces certain obvious topological restrictions. Chern's ideas were developed 
further by Gray [40]. 
Indeed, the tangent bundle of M splits as a Whitney sum 
TM '~ (Re) G ~, 
where (R~) is a trivial line bundle spanned by the Reeb vector field of a, and ~ = ker a is 
the contact subbundle. By the contact condition, the 2-form da is non-degenerate on ~, 
so (~, da) is actually a symplectic vector bundle. This implies that there is a complex 
structure J on the bundle ~, i.e. a fibrewise isomorphism J :  ~ -4 ~ with j2 = -1,  such 
that 
da(JX, JY) = dc~(X, Y) for all X, Y e 
and 
da(X, JX) > 0 i fX  # 0. 
This J is unique up to homotopy, cf. [66, 1.2]. Another way to phrase this is that the 
structure group of the tangent bundle TM reduces to U(n) x 1. Such a reduction or, 
more explicitly, a coorientable codimension 1 subbundle of TM with a complex bundle 
structure, is called an almo3t contact st~cture. Observe that for dim M = 3, an almost 
contact structure is essentially the same as an oriented and cooriented 2-plane field. 
One then has Chern classes ci(~, J) e H2~(M; Z) defined for the complex bundle (~, J), 
and by the uniqueness of J up to homotopy, these are actually invariants of ~. The fact 
that Chern classes reduce modulo 2 to the Stiefel-Whitney classes of the underlying real 
bundle now implies that the Stiefel-Whitney classes w2i(M) admit integral lifts ci(~), 
and consequently the integral Stiefel-Whitney classes W2i+l (M) vanish. Recall that these 
classes (which reduce modulo 2 to the usual Stiefel-Whitney classes w2i+l(M)) are defined 
as the image of w2i(M) under the Bockstein homomorphism 
/3: H2i(M;Z2) -+ H2~+X(M;Z) 
of the coefficient sequence Z -~ Z -+ Z2. 
In low dimensions, standard obstruction theoretic arguments have the following con- 
sequences. Every closed, orientable 3-manifold admits an almost contact structure. In 
fact, any such manifold is parallelisable, that is, its tangent bundle is trivial. 
If dim M = 5, then M admits an almost contact structure if and only if W3(M) = O. 
In [28] it was shown that if M 5 is simply-connected, then the condition W3(M) = 0 is also 
sufficient for the existence of a contact structure, and indeed any almost contact structure 
is (up to homotopy) induced from a contact structure. 
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2 .2  Gray stability 
For any geometric structure of a given type, it is important o understand whether it 
admits continuous deformations into non-equivalent structures, such as is the case for 
complex structures for instance, leading to Teichmfillertheory of Riemann surfaces and 
Kodaira-Speucer deformation theory. 
Gray [40] was the first to prove that contact structures on closed manifolds do not 
admit such non-trivial deformations. More precisely: 
Theorem 1 (Gray) .  If at, t E [0, 1], is a smooth family of contact forms on a closed 
manifold M, then there is an isotopy ~t of M such that p~at = AtC~o for some smooth 
family of smooth functions At : M --4 N + . So (~t),~0 = ~t, where ~t = ker at. 
This statement is nowadays known as Gray stability. 
According to A. S. Besicovitch, as quoted in Littlewood's A Mathematician's Miscel- 
lany [60, p. 59], "a mathematician's reputation rests on the number of bad proofs he has 
given," for pioneer work is clumsy. 
Gray's proof of his stability theorem, relying on long and complicated arguments 
la Kodaira-Spencer, testifies to the truth of Besicovitch's quip. Today Gray stability is 
proved via the Moser trick, which was first used (by J. Moser, not surprisingly) to prove 
corresponding results for volume and later symplectic forms. This proof only takes up a 
few lines: 
Assume we have already found ~t, and it is the flow of a time dependent vector field Xt. 
Differentiating the equation ~a~ = Atao with respect o t yields 
or  
where #t = ~(logAt) o ~-1. 
provided 
Plugging in R,~ gives 
If we choose Xt E kerat, this equation will be satisfied 
dt+ix ,  dat=#t~.  (7) 
So we can use (8) to define #t, and then find a unique Xt E kerat (using the non- 
degeneracy of dat on ker at) satisfying (7). On a closed manifold, the vector field X~ 
integrates to a global flow ~ with the desired property. 
Several points are worth making about this stability result: 
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(a) Contact forms do not satisfy stability, that is, in general one cannot find an isotopy 
~ such that ~'at  = a0. For instance, consider the following family of contact forms on 
S 3 C ]I~4: 
~, = (xl dr1 - Vl Sxl) + (1 + t)(x2 @2 - y2 &~), 
where t > 0 is a real parameter. The Reeb vector field of at is 
1 
Ro, = (xl G - y~ axl) +/ -4E(x~ G - y2 a~2). 
The flow of Ra o defines the Hopf fibration, in particular all orbits of R~ o are closed. For 
t E R + \ Q, on the other hand, R~, has only two periodic orbits. So there can be no 
isotopy with ~'o~t = a0, because such a ~t would also map the flow lines of Ro o to those 
of R~. 
(b) In spite of (a), one can use Gray stability to prove the Darboux theorem for contact 
forms. This is due to the fact that locally the Moser trick also yields solutions to the 
equation ~'at  = ao, by dropping the restriction Xt E ker o~t. 
(c) Eliashberg [23] has shown that on the open manifold R 3 there are likewise no non- 
trivial deformations of contact structures, but on S 1 × R 2 there does exist a continuum 
of non-equivalent contact structures. 
2.3 Contact structures on closed manifolds 
Boothby and Wang [11] were the first to address the question how to find examples of 
contact structures on closed manifolds other than spheres and projectivised cotangent 
bundles. Building on ideas of Kobayashi, they observed the following: 
Let (W, w) be an integral symplectic manifold, that is, assume that w defines an integral 
cohomology class [w] E H2(M; Z), where we regard integral cohomology as a lattice inside 
de Rham cohomology. Let M be the Sl-bundle over W with Enler class e = [w]. Then, 
with ~-: M ~ W denoting the bundle projection, there is a connection l-form on M with 
curvature form w, that is, do~ = 7r*w. This shows that a is a contact form. 
Integral symplectic manifolds exist in abundance (e.g. projective algebraic varieties), 
and by explicit cohomological computations Boothby and Wang showed that many new 
examples of contact manifolds could be found by this bundle construction. 
3 Ear ly  Topo log ica l  Methods  
Given a contact manifold (M,~), there are many interesting topological questions that 
can be posed. What are the infinitesimal automorphisms of ~? What can be said about 
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the space of integral curves of (? Describe the space of global automorphisms of ~ and its 
relation to the space of all diffeomorphisms of M. 
Theses questions were begun to be addressed in the 1960s. For detailed references see 
the survey by Lutz [63] and the monographs [56] and [8]. 
The most fundamental topological question about contact manifolds is arguably that 
as to which manifolds admit a contact structure in the first place, and what can be said 
about the classification of contact structures on a given manifold. With the flourishing of 
differential topology in the 1960s and 70s, producing structure and classification results for 
many classes of manifolds, the tools certainly became available to study such questions, 
and these tools were put to good use also in the investigation of other geometric structures, 
such as foliations or Riemannian metrics with prescribed curvature properties. 
The first general result in this direction was proved by Gromov in his thesis, cf. [41]. 
Gromov in effect invented a method to prove much more general h-principles (homotopy 
principles), covering a wide class of geometric problems, see his towering monograph [44]. 
In the realm of contact structures his method yields the following result. Recall that a 
manifold is open if each component is non-compact or has non-empty boundary. 
Theorem 2 (Gromov) .  Let M be an open, odd-dimensional manifold. Then there is 
a one-to-one correspondence b tween isotopy classes of contact structures and homotopy 
classes of almost contact structures. 
The lectures by A. Haefiiger [47] remain an unsurpassed introduction to the class of 
h-principles required to prove this type of result. 
3 .1  3-manifo lds 
The initial steps towards answering the existence problem for contact structures on closed 
3-manifolds were taken by Lutz in 1970. He was the first to exhibit 'exotic' contact 
structures on the 3-sphere S3, i.e. contact structures that are not isotopic to the standard 
structure ~0 described in Section 1.4 (1). The exotic contact structures found by Lutz 
were distinguished from ~0 by the simple homotopical fact that their underlying almost 
contact structures are not homotopic. Only in 1982 was it shown by D. Bennequin that 
the ideas of Lutz could also be used to construct exotic contact structures with underlying 
almost contact structure homotopic to that of ~0. 
The basic construction, now known as a Lutz twist, is as follows, cf. [73]. Consider 
$1 × •2 with contact form dO + r2d~, where 0 is the Sl-coordinate and (r, ~) are polar 
coordinates on R2. There are now two types of Lutz twists, one that is topologically 
trivial, and one that changes the topology of the 3-manifold. For the first, we replace the 
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contact form dO + r2d~ by 
ct = hi(r) dO + h2(r) d~, 
where hi, h2 : I~  -+ l~ are smooth functions atisfying the boundary conditions 
h i ( r ) -1 ,  h2( r )=r  2 fo r0<r<eor r> 1 -  
(for some small c > 0). One computes 
hi h2 dO A dr A d~, 
A do~ = h i h~ 
so the contact condition translates into saying that position and velocity vector of the 
plane curve r ~-+ (hi(r), h2(r)) should never be parallel to each other. A Lutz twist is now 
defined by any such curve that winds at least once around the origin, see Figure 3(a). 
, h 2 
(a) 1 (b) 1 
Figure 3: Lutz twists. 
For a topologically non-trivial Lutz twist we cut out S 1 × D 2 C S 1 x R 2 and glue back 
D 2 x S 1, by identifying 
O(S 1 × D ~) = S ~ × S 1 = O(D ~ x $1). 
This is the simplest form of surgery; there are also Lutz twists corresponding to general 
Dehn surgeries. To get a contact form on this new manifold, coinciding with the old one 
dO + r2dT for r > 1, one has to take hi(r)dO + h2(r)d~ on the S 1 × D 2 to be glued back 
with (hi, h2) as in Figure 3(b), with boundary conditions 
h i ( r )  - -1 ,  h2(~) = ~ for 0 < ~ < c, 
ha(r)=r 2, h2( r )= l  fo r r> l - z .  
As long as the curve r ~-~ (hi(r), h2(r)) makes at least one full twist around 0, so that 
there is an r0 > 0 with hz(ro) = 0, one can find a disc Do 2 embedded in S 1 × D 2 such 
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that OD~ is tangent o ~ = ker a, but D~ is transverse to ~ along OD~, see Figure 4. In 
that figure, r0 denotes the smallest positive radius where h2(ro) = 0, so that the contact 
plane has made a rotation by 7r around the radial axis. In today's terminology, due to 
Eliashberg [18], such a disc is called an overtwisted isc. A contact structure allowing 
overtwisted iscs is called overtwisted; if no such discs exist it is called tight. 
I 
Figure 4: An overtwisted isc. 
Theorem 3 (Lutz ,  Mar t inet ) .  Every closed, orientable 3-manifold M admits a contact 
structure in each homotopy class of 2-plane fields. Moreover, one may always assume this 
contact structure to be Overtwisted. 
The existence of a contact structure on every M as above was proved by Martinet [65]. 
The stronger statement about homotopy classes of plane fields was obtained by Lutz in 
his thesis [61]. 
Here are the basic ideas of the proof. By a theorem of Lickorish and Wallace, cf. [71], 
M can be obtained from S 3 by surgery along a collection of embedded circles, i.e. a link. 
These circles may be assumed transverse to the standard contact structure ~0 on S 3 (this 
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hinges on the non-integrability of ~0). An application of Gray's stability theorem shows 
that in tubular neighbourhoods S I × D 2 of the surgery curves, the contact structure 
may be assumed to be of the form dO + r2d~ = O. So the required surgeries can be 
performed by Lutz twists. Further Lutz twists allow to change the homotopy class of the 
contact structure as a 2-plane field (without changing the manifold). By performing at 
least one complete Lutz twist (for instance the one in Figure 3(a), which changes neither 
the topology of the manifold nor the homotopy class of the plane field), one obtains an 
overtwisted contact structure. 
Alternative proofs of the existence of contact structures on every closed, orientable 
3-manifold were given by Thurston and Winkelnkemper [73], using an open book de- 
composition for 3-manifolds; by J. Gonzalo [39], using a branched cover description of 
3-manifolds; and by S. Altschuler [1], cf. [25], using an analytical 'heat flow' method. 
3 .2  Higher dimensions 
In dimension greater than three, existence results for contact structures in the 1970s 
and 80s remained relatively isolated and usually based on ad hoc constructions. One of 
the first general constructions was due to C. Meckert [67], who showed that the con- 
nected sum of two contact manifolds carries again a contact structure. This was used by 
C. B. Thomas [72], in conjunction with the Brieskorn examples (ef. Section 1.4 (3)), to es- 
tablish the existence of contact structures on many highly connected manifolds. Lutz [62] 
obtained many interesting examples of contact structures on principal 2-torus fibrations 
over 3-manifolds, including the 5-torus T 5. 
For further results see [63] and [30]. 
4 Current Trends and Developments 
4.1 3-manifolds 
One of the most influential papers in the development of 3-dimensional contact geometry 
was that of Bennequin [9], in which he proved (amongst other things) that the standard 
contact structure ~0 on S 3 is tight, so the Lutz argument allows to find an exotic (over- 
twisted) contact structure in the same homotopy class of plane fields. Bennequin's proof is 
based on ingenuous knot theoretical arguments; the favoured proof today would be based 
on the fact that (S3 ~0) is symplectically tillable by the standard 4-ball (cf. 1.3 (6)), and 
that symplectically tillable structures are tight, see [43, 19]. 
Bennequin's work seemed to suggest hat the classification of contact structures on 3- 
manifolds, even on S 3, was not on the horizon. Then, in 1989, Eliashberg [18] startled the 
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growing band of contact geometers with a result that showed tight rather than overtwisted 
contact structures to be the stumbling blocks on the way towards a complete classification. 
Theorem 4 (El iashberg). On a closed, orientabIe 3-mani]old there is a one-to-one 
correpondence between homotopy classes of tangent 2-plane fields and isotopy classes of 
overtwisted contact structures. 
Important techniques for understanding and classifying tight contact structures have 
since then been introduced by Eliashberg [22] and E. Giroux [36], who has also written a 
very nice survey [37] charting the events until the early 1990s. Complete classifications of
tight contact structures exist for the 3-sphere [22], euclidean 3-space [23], as well as lens 
spaces and 2-torus bundles over the circle [53, 38, 51, 52]. On the 3-torus, for instance, a
complete list (up to diffeomorphism) of tight contact structures i given by the ~,  n C N, 
described in Section 1.4 (2), and these ~n are pairwise non-diffeomorphic. 
Three-dimensional contact topology is currently developing at such a pace that no 
survey written at this moment in time could hope to do it justice. J. Etnyre and K. Honda 
have very recently given examples of a 3-manifold that does not admit any tight contact 
structures (viz., the connected sum of two Poincar@ spheres with opposite orientations), 
and tight contact structures without symplectic fillings (on certain Seifert fibred spaces ).
Their paper [27] contains a very readable summary of the current state of the art, and an 
up-to-date bibliography. 
Here I restrict myself to pointing out a remarkable application of the classification of 
contact structures on S 3. 
Theorem 5 (El iashberg). The standard contact structure ~o is the unique tight contact 
structure on S 3 up to isotopy. 
Corol lary 6 (Cerf).  Any diffeomorphism of the 3-sphere extends to the 4-ball. 
The original proof of J. Cerf [14] fills a whole volume in Springer's Lecture Notes 
series. The proof by Eliashberg [22] is conceptually completely different and, once the 
classification of contact structures on S 3 is established, not longer than half a page. The 
key point is that from the uniqueness of the tight contact structure ~0 one can conclude 
any orientation preserving diffeomorphism of S 3 to be isotopic to a contact automorphism 
of (S 3, ~0). Eliashberg's technique of filling by holomorphic discs [19], based on [43], then 
allows to show that" such a contact automorphism extends to a diffeomorphism of the 
4-ball. 
4 .2 Higher d imensions 
It is still deeply mysterious what shape the classification of higher-dimensional contact 
manifolds will take. Results by Eliashberg [21], the author [29] and, even more strikingly, 
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I. Ustilovsky [74] about the abundance of exotic contact structures on higher-dimensional 
spheres suggest hat the situation is considerably more complicated than in dimension 
three. 
At least, thanks to the work of Eliashberg [20] and Weinstein [77] on surgery on higher- 
dimensional contact manifolds, and applications of this technique due to the present 
author [29], partly in joint work with C. B. Thomas, e.g. [32], there is now an increasing zoo 
of contact manifolds at our disposal to study a variety of contact opological phenomena. 
A range of recent constructions in higher-dimensional contact topology is discussed 
in [30]. 
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